We show that for every topological dynamical system with approximate product property, zero topological entropy is equivalent to unique ergodicity. This indicates that for such a system, the structure of the space of invariant measures is determined by its topological entropy.
Introduction
It has been a historic question how the properties of a dynamical system are determined by its topological entropy. Usually we tend to regard that a system with zero topological entropy is considerably simple, while positive topological entropy implies a rich structure in many senses. Such facts can be shown for systems in certain classes. For examples, in the seminal work [5] Katok showed that for C 1+α diffeomorphisms on a surface, existence of horseshoes is equivalent to positive topological entropy.
Since the pioneering work [3] by Bowen, various specification-like properties have played important roles in achieving plenty of interesting results. Among these properties, the approximate product property introduced by Pfister and Sullivan [7] is almost the weakest one. In [10] , we have obtained a description of M(X, f ), the space of invariant measures, concerning their metric entropies, for a system (X, f ) that satisfies approximate product property and asymptotically entropy expansiveness. In particular, (X, f ) has ergodic measures of arbitrary intermediate entropies and arbitrary intermediate pressures. Hence the system (X, f ) must have zero topological entropy if it is uniquely ergodic. This paper goes in the opposite direction. The results in [10] implies that ergodic measures are dense in M(X, f ) if (X, f ) has approximate product property and zero topological entropy. We show that in this case M(X, f ) is actually a singleton. We remark that both unique ergodicity and zero topological entropy can be derived from approximate product product and minimality (cf. [10, Corollary 5.11 and Corollary 5.12]). Theorem 1.1. Let (X, f ) be a system with approximate product property. Then (X, f ) is uniquely ergodic if and only if (X, f ) has zero topological entropy.
Along with the results in [10] (see also [7] ), we have a dichotomy on the structure of the space of invariant measures for a system (X, f ) with approximate product property, which is completely determined by its topological entropy:
We have shown in [9] that a zero-entropy system with gluing orbit property must be minimal and equicontinuous. Similar results do not hold for systems with approximate product property. There are zero-entropy systems with approximate product property that are topologically mixing, as well as such systems that are not topologically transitive (cf. [10, Example 9.6 and Example 9.7]). As a corollary of Theorem 1.1, we have a further result for systems with the tempered gluing orbit property introduced in [10] . Comparing this with [9, Theorem 1.2], we are still not sure if there are zero-entropy systems with tempered gluing orbit property that are not uniformly rigid or not equicontinuous.
Let (X, f ) be a system with temper gluing orbit property. Then the following are equivalent:
Readers are referred to the book [4] and the survey [6] for an overview of the definitions and results of specification-like properties. More discussions on gluing orbit property, tempered gluing orbit property and approximate product property, as well as various examples, can be found in [1] , [8] and [10] .
Notions and results in this paper naturally extends to the continuous-time case, i.e. flows and semi-flows.
Approximate Product Property
Let (X, d) be a compact metric space. Let f : X → X be a continuous map. Then (X, f ) is conventionally called a topological dynamical system or just a system. We shall denote by Z + the set of all positive integers and by N the set of all nonnegative integers, i.e. N = Z + ∪ {0}. For n ∈ Z + , denote
and the following tracing property holds:
Definition 2.2. The system (X, f ) is said to have approximate product property, if for every δ 1 , δ 2 , ε > 0, there is M = M (δ 1 , δ 2 , ε) > 0 such that for every n > M and every sequence C in X, there are an (n, δ 1 )-spaced sequence G and z ∈ X such that C is (n, δ 1 , δ 2 , G , ε)-traced by z.
Approximate product property was introduced by Pfister and Sullivan [7] to prove large deviations for β-shifts. Our proof of Theorem 1.1 is based on the following fact related to entropy denseness, which is a consequence of the discussion in [7] . See also [10] . Proposition 2.3 (cf. [7] ). Suppose that (X, f ) has approximate product property. Then for every µ ∈ M(X, f ), every η > 0, there is a compact invariant subset Λ = Λ(µ, η) such that D(µ, ν) < η for every invariant measure ν supported on Λ.
Unique Ergodicity
In this section we prove Theorem 1.1. Suppose (X, f ) be a system with approximate product property that is not uniquely ergodic. We shall show that (X, f ) has positive topological entropy.
Let µ 1 , µ 2 be two distinct ergodic measures for (X, f ). Let
Then
By Proposition 2.3, there are compact invariant sets Λ 1 , Λ 2 , Λ 3 and Λ 4 such that for each i = 1, 2, 3, 4 and every invariant measure ν supported on Λ i , we have
This implies that
Otherwise, if Λ i ∩ Λ j = ∅ then Λ i ∩ Λ j supports an invariant measure ν * and hence
which contradicts with (1). By compactness, we have
For each i = 1, 2, 3, 4, we fix a point y i ∈ Λ i . Then for 1 ≤ i < j ≤ 4 and every m, n ∈ Z + , we have
We fix δ ∈ (0, 1 10 ) and m > M (δ, δ, γ).
For each ξ ∈ {1, 2} Z + , we can find G ξ = {t k (ξ)} ∞ k=1 and z ξ ∈ X such that C ξ is (M, δ, δ, G ξ , γ)-traced by z ξ . Lemma 3.1. If there is n ∈ {1, · · · , N } such that ξ(n) = ξ ′ (n), then z ξ and z ξ ′ are ((1 + δ)nm, γ)-separated.
Proof. The proof splits into two cases.
Then we must have
For l ∈ (r + A) ∩ A, by (2), we have
Moreover, we have
So z ξ and z ξ ′ are ((1 + δ)nm, γ)-separated.
Case 2. Let τ be the smallest positive integer such that τ ≤ n and |t τ (ξ) − t τ (ξ ′ )| > 4δm.
Then we have τ > 1 and
We may assume that t τ (ξ) > t τ (ξ ′ ). Then we have
This yields that
There are A, A ′ ∈ Z m such that
Note that by our construction (3), we must have x τ (ξ) = x τ +1 (ξ ′ ). For l ∈ (r + A) ∩ A, by (2), we have
By Lemma 3.1, for each n, there is a ((1 + δ)nm, γ)-separated set whose cardinality is 2 n . This yields that h(f ) ≥ lim sup (X, f ) is said to have tempered gluing orbit property if for every ε > 0 there is a tempered function L ε : Z + → Z + such that for any orbit sequence (C , {m k } ∞ k=1 ), there are a gap G = {t k } ∞ k=1 satisfying t k ≤ L ε (m k+1 ) for each k and z ∈ X such that (C , {m k } ∞ k=1 , G ) can be ε-traced by z.
The notion of gluing orbit property first appeared in [11] and has recently drawn much attention since the work [2] by Bomfim and Varandas. Tempered gluing orbit property is introduced in [10] by the author, which naturally extends the notion of temper specification (also called almost weak specification or weak specification in other literature). In [10] , it is shown that gluing orbit property implies tempered gluing orbit property and tempered gluing orbit property implies approximate product property. Hence Theorem 1.1 holds for systems with tempered gluing orbit property. Then Theorem 1.2 can be verified if the following holds. Let (X, f ) be a system of tempered gluing orbit property. If (X, f ) is uniquely ergodic then it is minimal.
Our proof of Proposition 4.4 is almost the same as [8, Theorem 4.1] . It is given below for completeness.
Proof. Assume that (X, f ) is not minimal and it has tempered gluing orbit property.
There are x, y ∈ X and δ > 0 such that d(f n (x), y) ≥ δ for every n ∈ Z.
We fix ε ∈ (0, δ 3 ), a tempered function L ε : Z + → Z + as in Definition 4.3 and m = L ε (1). Let C = {y} Z + and S = {1} Z + As (X, f ) has tempered gluing orbit property, there is y ′ ∈ X that ε-shadows (C , S , G ) for some G with max G ≤ m.
Take a continuous function ϕ : X → R such that as the orbit of y 0 enters B(y, ε) at least once in every m iterates. This implies that (X, f ) is not uniquely ergodic.
